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1 Introduction 

The determination of the covering radius of the first order Reed-Muher code is a difficuh problem in 
coding theory. In this paper, we generahze to any q some results proved in [T1I11[S1[7] for g = 2. 

Let q = , p a prime number. 

Let = ¥g[Xi, Xrn]/iXf -Xi,..., X^ - X^); actually consists of aU the functions from F™ 
to ¥q. We identify SJ'^ with F^'" through the application 

For all b € F™, we denote by It the function in B^i^ such that lb (6) = 1 and for all x ^h, lb{x) = 0. 

The weight \P\ of P e Bf^-^ is Card({a;, P(.t) ^ 0}). The Hamming distance in i?^ is denoted by 

For < r < m{q — 1), the rth order generalized Reed-Muller code of length is 

i?,(r, m) = {P e PI, deg(P) < r} 

where deg(P) is the degree of the representant of P with degree at most g — 1 in each variable (see [8]). 
For all < r < m{q — 1), the afhne group GAm(Fq) acts on Rq{r, m) by its natural action and we have 

Proposition 1 (see 1^1) 

For all q, for all m > and 1 < r < m{q — 1) — 2, 

Aut{Rq{r,m))^GA„,{¥q). 
The covering radius of a code C of length n is 

p(C) — max min \x — c\ 

We denote by p{r,m) the covering radius of Rq(r,m). 

For q = 2, p(l,m) are unknown for m odd, m > 9. We know that p(l,5) — 12 and p(l,7) = 56 
(see Dig). 

Since Rq{l,m) C Rq{2,m) C . . . C Rq{m{q — l),m) = F^ , we can try to study p(l,m) through the 
covering radius of Rq{l, m) in Rq(r, to), 2 < r < m{q — 1). We define 

Pr{l,m) = max min |a: — c| 

x(^Rq{r,m) cfEi?g(l,m) 

For 9 = 2, it is known that y02(l,m) = 2™"! - 2^^1-1 (see [7]) which gives p(l,m) > 2""-^ - 2r'rl-i 
and, since p(1,to) < 2™~^ — 2~~^ (see @]), we get, for to even p(1,to) = 2'^~^ — 2~~^. 

In partial we give a general upper bound for covering radius of codes over F^. 
Then we calculate p2{l,m) : 
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Theorem 2 For all q, m> 0, 

P2(l,m) = (g-l)9™-i-<zrfl-i. 

We use previous results to give an upper bound and a lower bound for m), which give p(l, m) when 
m is even : 

Theorem 3 For all q, m > 0, 

Furthermore, we get functions, /, such that d{f^R{l,m)) — p{l,m) when m is even. 
Finally, we study more precisely the case where q = 3. 

2 A general upper bound 

We need to extend the definition of self-complementary code and the definition of strength of a code for 
a binary code (see [4]) to a code over F^. 

Definition 4 A code C over ¥q is self-complementary if 

Vc e C, Vw G Fg, c"^ = (w, . . . ,0;) + c e C. 

Definition 5 A code C over ¥q has strength s if each s -subset of coordinates of the code contains all 
elements ofW^ a constant number of times. 

Now, we generalize the upper bound of covering radius of a binary code given in "T to codes over F^. 

Lemma 6 Let C be a code over ¥q of length n, and let v e F™ . 
// C has strength 2, then 

^ (^(„_l)(^i_l^+l^Card(C7) 
Proof : V + C has strength 2 if and only if C has strength 2. 

Furthermore, Card(u + C) = Card(C), so it is enough to prove the lemma for v = 0. 

EH^ = E E E i-E E E i + E E 1 

u^C u€C i,Ui^O j,Ujy^O ueC i,Ui^O j^i,Uj^O ueC i,Ui^O 

n n 

= EE E i+E E 1 

Since C has strength 2, ^ 1 = f- — -\ Card(C) 
and 1 = ( ) Card(C). 

Hence ^ \uf = n{n - 1) (^^^) Card(C) + n '^^^■^('^)- 

□ 



Theorem 7 If C is a self-complementary code over ¥q of length n and strength 2, then 

piC) < n . 
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Proof : Let w £ such that its distance to any codeword is at least r, i.e. Vm € w + C, |u| > r. 
Since C is self-complementary, ii u E v + C then u'^ E v + C and > r. 
We have : 

where Xuj — Card({i,Mi — a;}). 
Assume r > ^— !-n, so 

^^^n < r < |m| = n(g - 1) - ^ |?r | < n(g - 1) - (q - l)r < ^^^n. 

^ t^eF- ^ 

We get a contradiction. So we write r — ^— !-n — p with p > and we have : 



2 

c^eF* y ljgf* 

< {q-l)r^ + {q-lf(n-rf 



we get 



And, from lemma [6j 



5 h n ^ — < n \- iq- l)P 

q^ q^ \ q'^ 



Hence ^ < p^, and so, since p > 0, r < ^^^—^n — 
Theorem [7] follows from the definition of covering radius. 

□ 



3 Counting zeros of quadratic forms 

Definition 8 We say that an application from F™ to ¥q is a quadratic form if 

1. Q{ax) = a'^Q{x) for a eWq and x £ F™. 

2. : F™ X F™ ¥q such that (l>{x, y) = Q{x + y) - Q{x) - Q{y) is a bilinear form, 
(j) is called the bilinear form associated to Q. 

Definition 9 We called rank of a bilinear form (f), the rank of the following application 

F" — !. F™* 
X ^ {y^(j}{x,y)) 

Let Q be a quadratic form over F^ and (j) the associated bilinear form. 

Let V = {x £ Ker{ip4>)jQix) = 0} and let v = dim(V^) < n — Rg(0), then we define the rank of Q by 
Rg(Q) = n-v. 

We say that Q is non degenerate, ifv = 0. 



3 



Remark : If g is odd, then v = n — Rg(0) and R,g{(f>) = Kg{Q). 
We need the following theorem about reduction of quadratic forms : 

Theorem 10 Let Q be a quadratic form of rank R on then there exists a basis (ei)i<i<„ o/F^ such 
that : 

n s 

• If R = 2s + I, then Ql^XiCi) ^^^X2i~iX2i + axl^^i (1) 

i=l i=l 
n s 

• IfR = 2s, then Q(^Xiei) ='^X2i^iX2i (2) 

i=l 4=1 
n s 

or QC^^j^i^i) ~ '^^X2i-iX2i + 0'x\g_i + bx2g + cx2s-iX2s whcrc ax^ + cx + b is irreducible over 

i—l 1=1 

F, (3) 

Proof : Let be the bilinear form associated to Q. 

Let N — {a;, Vy € F^, 0(a;, y) = 0} and 5 be a subspace supplementary to N in 
Let Vq — {x ^ N, Q{x) = 0} and let Vi be a subspace supplementary to Vq in N. 
So Q restricted to Vi ® S* is non degenerate. 

If q is even, see [5] p.33-34 and ,2 p.197-199. 

If q is odd, see [5] p.117-118 and p.121-123. 

□ 

Now, we can count zeros of quadratic forms (see f51) : 

Theorem 11 Let Q be a quadratic form over ¥^ of rank R, then the number of zeros of Q is 

NiQ)=q--' + {iO-l){q-l)q--^-' 

{1 if R is odd 
2 if R is even and Q is of type (2) (see theorem ] 10\) 
if R is even and Q is of type (3) 

Proof : If i? = 0, there are zeros. 

If i? = 1, we can write Q = axf, and so Q has q"^^^ zeros. 

If i? = 2, we can write Q = ax\ + bx2 + cxiX2- 

If ax"^ + cx + b is irreducible, we are in case (3) and Q has (7"^^ = g"^^ ^ (9^ l)^/"^^^^ zeros. Otherwise, 
Q factors, so we are in case (2), and Q has {2q — l)^/"^^ = g"^^ + (9 — l)(7"^2^i zeros. 

If i? > 3, by theorem IIOI we can write Q — X1X2 + Q^^\x3, . . . ,a;„) where Q'^^ is a quadratic form 
of rank i? — 2. 

If (3^^''(a3, . . . , a„) — 0, then there are (2g — 1) couples (xi, X2) such that Q{xi, X2, 03, ... , an) — 0. 

Otherwise, there are {q — 1) couples (a;i, X2) such that Q(a;i, X2, 03, . . . , a„) — 0. 

Hence 

N{Q) = {2q - l)7V(g(i)) + {q- _ iV(Q(i))) = qNiQ^'^) + (g - 

Continuing this process, we get, for r such that R — 2r > 1 

N{Q) = <7'^iV(QW) + (g-l)((7"-2+(7"-3^... + g"'('-+i)) 
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where Q^*"^ is a quadratic form in X2r+i, ■ ■ ■ ,Xn with rank R — 2r. 

If R is odd, we put R — 2s + I and r = s, then we get N{Q) — qSq^-'^s-i _|_ ^"-1 _ ^n-s-i _ ^"-1 since 
Q^**-* is a quadratic form in n — 2s variables, with rank 1. That gives the theorem in the case where R is 
odd. 

If R is even, we put R = 2s and r — s — 1, then Q'-'^^"'^' is a quadratic form in n — 2s + 2 variables of 
rank 2. If Q is of type (3), Q*-*"^-* does not factor and has 2eros. So 

iV(Q) = qs-iq"-2s ^ qn-i _ ^ gn-i _ (g _ If Q is of type (2), Q^"-^') factors and has 

(2q - zeros. So 7V(g) = (?^-H2'7 - 1)<?""^-' + <7""^ - = g""^ + {q - 

□ 



Now we are able to prove theorem [51 

4 Proof of theorem [2] 

Let qo — aijXiXj 

In order to get the weight ofgo + aia^i + -- - + ama;™ + /?, we homogenize : 
let Q = q'o + aixiz + . . . + amXmZ + /Sz^. 

We denote by iV^, the number of zeros of go in F™, which is the number of infinite points of the quadric 
defined by Q = and by Nq, the number of zeros of Q in F™+^. 

Then the number of zeros of qo + otiXi + . . . + amXm + P, N , is the number of point of the quadric which 
are not infinite points, so we get 

AT — N°° 



By theorem [TT] we have : 



where r = rg(go) and 

{1 if r is odd 
2 if r is even and go is of type (2) 
if r is even and qq is of type (3) 

and 

where R = rg(Q) and 

r 1 if i? is odd 
ujQ = < 2 if i? is even and Q is of type (2) 

[ if i? is even and Q is of type (3) 

So, the number of zeros of qo + aixi + . . . + amXm + /3 is 

N = - K„ - + {ujq - 

Hence 

|go + aixi + ... + a„,x,n + /3| = (g - l)g""^ + K„ - l)q"'-^^-^ ~ {uq - l)g" 



Then we want to calculate d(go, fn)) : 

• If r is odd, ujqg = 1, |go + aixi + . . . + amXm + /3| = (? — — (i^g — and qo can 

be reduced to xiX2 + . . . + Xr-2Xr-i + ax"^ by a linear transformation, which does not change the 



5 



weight, so we can assume that 

Q = X1X2 + . . . + Xr-2Xr-l + aX^ + UiXiZ + . . . + amXmZ + fiz^ 

= {xi + a2z){x2 + a\z) + . . . + {xr-2 + oir-\z){xr-i + ar-2z) + ax^ 

+z{arXr + . . . + amXm) + - ^1^2 - ar-2ar-l) 

" V ' 

= {X\ + a2Z){x2 + a\z) + . . . + {Xr-I + OLr-\z)(Xr-\ + + aX^r 

+z{arXr + . . . + amXm + Oz) 

If there exists i > r such that aj ^ 0, then R = r + 2 and ojq = 1. 
If for all i > r, ai = : 

Tr/i/^;i r. ,1 1 fO if ax^ + a^a; + ^ is irreductible 

If ^ ^ 0, then i? = r + 1 and = I 2 ^^^^^^.^^ 

If ^ = 0, then, if ar = 0, i? = r and lvq = 1. Otherwise, R = r + 1 and ojq = 2. 



Hence d{qo, Rq{l,m)) = {q - l)q"'-^ - 

If r is even and iOq„ = 2, l^o + ctixi + . . . + amXm + P\ = {q- 1)?™"^ + - {ivq - l)q"^~9 

and go can be reduced to xiX2 + ■ ■ ■ + Xr-iXr by a Unear transformation. 

Q = XiX2 + ■ ■ ■ + Xr-lXr + aiXiZ + . . . + amXmZ + Pz"^ 

= {xi + a2z){x2 + a\z) + . . . + (Xr-\ + arZ\Xr + a.r-\z) 

-\-z{(XrJ^\Xr^X + . . . + OLjnXjn) + {P - 0L\0L2 - ... - OLr-\ar) Z^ 



If there exists i> r such that 7^ 0, i? = i? + 2 and = 2. 
If for all i > r, ai = and ^ = 0, = r et wg = 2. 
If for all i > r, aj = and ^^0, ii = r + let wg = 1. 

Hence d{qo, Rq{l,m)) = [q - l)q"'-^ + q"'-^-^ - q"'-^ . 

If r is even and Ug^ = 0, |go + Q!ia;i + . . . + amXm+P\ = (5- l)?"*"^ - - (wg - 

By a Unear transformation, qo can be reduced to X1X2 + . . . + Xr-3Xr-2 + 0'X^_\ + bx^ + cXr-iXr 

with a.T^ + cx + b irreducible. 

Q = X1X2 + . . . + .-2:^-3x^-2 + aa;^_i + bx^ + cx^-iXr + aixiz + . . . + amXmZ + jiz^ 

= {X\ + a2z){x2 + axz) + . . . + {x,— -?, + ar-2z){Xr-2 + Oir-3,z) + ax^-i 

+bx1 + Ca;r-ia;r + 2(0^-1X^-1 + . . . + amXm) + {fi - 0:102 - ... - Or-3Q;r-2) -2^ 



If there exists i> r such that Oj 7^ 0, -R = r + 2 and ujq = 0. 
Assume that for all i > r, oi = 0. 
First, we study the case where q is odd. 

Since aa; + cx + 6 is irreducible, we have a 7^ and A = 6 — |^ ^ 0. 

Q = (Xi + a2-2)(X2 + Oiz) + . . . + (Xr-3 + ar-2z)(Xr-2 + 0^-3^) 

2 

+a(x^-i + ^Xr + ^^zf + Axl + (Or - '^^^P^)XrZ + (6* - 

2a 2a 2a 4a 

= (Xi + 022:)(X2 + 012:) + . . . + (Xr-3 + Or-2Z)(Xr-2 + Olr-Sz) 

c ar-i -,2 , A, , 2aor - co^-i ,2 

+a{Xr-, + -Xr + ^z) +A(X. + — z) 

j-Cfl _ "^-1 _ (2aQr - CO^-l)% 2 
4a ISa^A >^ 
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^ = + ^'^'^"iGa'^A ' R = r and ujq = 0, since ax'^ + cx + b is irreducible. 



Then we study the case where q is even. 

Since ax'^ + cx + 5 is irreducible, c ^ 0. So we have 



{xi + a2z){x2 + aiz) + . . . + {Xr-S + ar-2z){Xr-2 + "r-S-z) 

, Ctr Or-l \ ( r- IT fn Ctr-lCtr \ 
+ C(Xr-l H Z)[Xr H Z) + I y'aXr-l + V OXr + A/ ^ ^ ^ j 



If 7^ aa^ + fea^-i + ca^-iar, i? = ?' + 1 and = 1. 



Q = {Xi+ a2z){x2 + aiz) + . . . + (2:^-3 + ar-2z){Xr-2 + ar-zz) 

, ttr-l \ ( r- IT / n \ 

+C(a;r-1 H Z)\Xr H Z) + \iaXr-\ + V OXr + ( Ctr ^ Olr-\)Z 



c c \ c c 

— {xi + a2z){x2 + aiz) + . . . + {xr-3 + ar-2z){xr-2 + 

+c(Xr-l H z)[Xr H Z) + a[Xr-l H Zj + b{Xr H 

c c c c 

so i? = r et WQ = 0. 

Hence d{qo, Rq{l,m)) = {q-l)q^-^ - q'^-i"^. 

5 Bounds of p{l,m) 

We use the general upper bound to find an upper bound to m) : 

Proposition 12 For all q, m > 0, we have 

p{l,m)<{q~l)q"^-'^q^-\ 

Proof : Rq{l,m) is self-complementary, so, by theorem [71 it is enough to show that Rq{l,m) has 
strength 2. 

Let 2/ = (j/i, . . . , Um) and z — (zi, . . . , Zm) two different fixed elements of F™. 

Let f,g^ Rq{^, ITT-), we say that / is equivalent to g (/ ^ g) if and only if f{y) = gijj) and /(z) = .g(z). 
Let /(x) — aixi + . . . + amXm + b. Let g — a\X\ + . . . + otmXm + /? such that f ^ g, then 

aij/i + . . . + amUrn + 13 = aiyi + . . . + a^y™ + b 
aizi + . . . + cimZm + l3 = aizi + . . . + a„iZ,„ + b 



2/1 ••• 2/m 1 

Zl ... ZjYi^ f 



ai2/i + . . . + amVm + & 
aiZi + . . . + a„iZ„i + 6 



V P I 



Since z ^ this system has rank 2, and so there are ^ solutions. 
Furthermore, Card(i?g(l, to)) = (7"+\ and = = Card(F2). 

Hence i?<j(l,m) has strength 2. 



□ 



Proposition 13 For all q, rn > 0, we have 
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Proof : We have 
and by theorem [51 
which gives the result. 



p(l,m) > P2(l,"i), 
P2(l,m) = ((7-l)r-i-grfl-i, 



□ 



Remark : p{l, 1) = q — 2. 

Indeed, by proposition [T51 1) > q — 2. Furthermore, for all g G Bf, we consider f{x) = g{x) — (ax + b) 
with a = g{l)—g{0) and b = 5(0); / has at least two roots (0 and 1) so for all g G Bf, d{g, Rq{l, 1)) < q—2. 
Hence 1) <q~2. 

Combining proposition [T2l and fT3l we get the following : 
Corollary 14 For all q, if m is even, then 

p(l,m)-(9-l)g"-i-g^-i. 
Proof : For m even, (q — l)q"^^^ ~ q^^^^^ = {q — l)q"^^^ — q^^^ . 

□ 

Remark : Furthermore, we have shown that p2{l,m) = [q — — (/^^^^^ and that p2{l,m) is 

reached for f[x) = X1X2 + . . . + Xm-3Xm-2 + aa^m-i + + cXm-iXm with ax^ + cx + b irreducible over 
¥q. So, since for m even p[\,m) = p2{l,m), we get that p(l,m) — d{f , Rq{\,m)). 



6 Calculation of /9(1,3) for g = 3 

From now, we assume that q — i. 
Theorem 15 For g = 3, p{l, 3) = 16. 

Proof : By theorem [3l 15 < p(l,3) < 16. Furthermore, if /o(l,3) = 16, there exists / G i?^ such that 
ci(/, i?3(l, 3)) = 16 and necessarily, degree of / is greater than 2 since, by theorem[21 /02(1,3) = 15. 
Using all these restrictions, we use Magma 

Algorithm 1 



K:=GF(3) ; 

P<x,y,z> : =PolynomialRing(K,3) ; 

Rl:=[a*x+b*y+c*z+d : a in K, b in K, c in K, d in K] ; 
M:=15; 

L:= [0,0, 0,0, 0,0, 1,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,0]; 

ad: =f unction(L) ; i:=l; r:=true; 

while i le #L and r do 

if L[i]+1 eq 3 then i:=i+l; L[i-1]:=0; 

else r:=false; L [i] : =L [i] +1 ; end if; end while; 

return L; 
end function; 

while M eq 15 and L[23] le 1 do 

pol : =L [1] *z"2+L [2] *y*z+L [3] *y'2+L [4] *x*z+L [5] *x*y+L [6] *x~2 
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+L [7] *y*z"2+L [8] *y"2*z+L [9] *x*z~2+L [10] *x*y*z+L [11] *x*y'2 
+L [12] *x"2*z+L [13] *x~2*y+L [14] *y'2*z~2+L [15] *x*y*z~2 
+L [16] *x*y"2*z+L [17] *x~2*z"2+L [18] *x"2*y*z+L [19] *x"2*y"2 
+L [20] *x*y"2*z"2+L [21] *x~2*y*z"2+L [22] *x"2*y"2*z 
+L[23] *x~2*y~2*z~2; 
k:=l; in:=16; 

while k le #R1 and m eq 16 do 

if Evaluate(Rl[k] ,<0,0,0>) ne then r:=l; else; r:=0; end if; 
p:=<l,0,0>; 

while r It 16 and p ne <0,0,0> do 

if Evaluate (pol+Rl [k] ,p) ne then r:=r+l; p:=ad(p); 

else p:=ad(p); end if; end while; 
if r It m then m:=r; end if; 
k:=k+l; end while; 

if m gt M then M:=m; else L:=ad(L); end if; end while; 

print (M) ; 
print (L) ; 



We get that d{y'^ + xy + y'^z + xyz + y'^z^ + x'^z^,R-i{l,i)) = 16. 

□ 



Proposition 16 There is no f & i?3(6,4) \ i?3(4,3) such that i?3(l, 3)) = 16. 

Lemma 17 For q > 3, if f & Rq{m{q — l),m) \ Rq{m{q — 1) — then there exists a G GAm{^q), 
a g¥* and r G Rq{m{q — 1) — 2, m) such that 

m 

o--/ = ^Ylxl'^ + r 

i=l 

Proof : We write / as 

m m 

/ = « n + n ^T^^v^ + * 

i=l i=l k^i 

where a, e F,, a ^ and s e Rq{m{q — 1) — 2, m). 
Let w e F™ then 



lo. = l[{l-{xi-iOiy-') 



m / q—1 



i=i \ k=i 



Hence 

Let a e GA„(Fg) 



(-1)- n + (-I)"' E ^» n 4"'^r' +t, t€ Rq{m{q - 1) - 2, m). 

i=l i—1 k^i 

f = (-l)™al(,-i„,) + /, / e Rq{m{q - 1) - 2, m). 

u.f = (-l)'"al<,-i(„-i„^) + a.r', r' e Rq{m{q - 1) - 2, m). 



9 



We choose a such that a ^{a ^ai) = 0. 

lo - n(i-^r') = (-irn^r' 



u e Rq{{m — — l),m) C Rq{m{q — 1) — 2, m) since g > 3 
Finally, since Aut{Rq{m{q — 1) — 2, to)) = GA,„(Fq), we get 



o'./ = a]^a;' ^ + r, r e _Rg(TO((3' - 1) - 2, to). 



□ 



Lemma 18 // / G Rq{m(q — 1) — 1,to) \ Rq[m{q — 1) — 2, to) then there exists a G GL,„(Fq) and 
r € Rq(m{q — 1) — 2, to) such that 



i-q 

rn— 1 



-/ = n -r' 



i=l 



Proof : We write / = ^ a.; JJ^ ^xf ^ + i, t G Rq{m{q — 1) — 2, to). 

i— 1 fc^z 

Let 6 e F™, 



lo-u = ri(i-:z;r')-n(i-(^.-&o^"') 

m m 1 y ^ \ 

m 

= (-l)™+i^6,[]xr^r'+5. i?,(TO(g-l)-2,TO). 

D'ou / = lo - l((-i)™+ia,) + r', / e Rq{m{q - 1) - 2, m). 
Let cr e GL,„(Fg) then 

a.f = lo-i(o) - lo-i((-l)'" + ia,) + O"-^' = lo - l(T-i((-l)" + ia,) + O"-^' 

Since / G i?5(TO(g - 1) - 1, m) \ Rq{m{q - 1) - 2, m), ((-l)™+ia,;) ^ 0. So there exists a G GL„(Fq) 



such that 







V / 



and 



a.f = lo - Ic + (T.r' = W xf'xt' + - 



with r e Rq{m{q - 1) - 2, m) since A\A{Rq{m{q - 1) - 2, m) = GA„i(Fq). 



□ 



Proof of proposition : By lemma [T71 and [T51 the following algorithms on Magma give the result. 
Algorithm 2 (degre 6) 
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K:=GF(3) ; 

P<x,y,z>:=PolyiiomialRing(K,3) ; 

Rl: = [a*x+b*y+c*z+d : a in K, b in K, c in K, d in K] ; 

ad:=fiuiction(L) ; i:=l; r:=true; 
while i le #L aind r do 

if L[i]+1 eq 3 then i:=i+l; L[i-1]:=0; 

else r:=false; L [i] : =L [i] +1 ; end if; end while; 
return L; 
end function; 

L:= [1,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,0]; 

while L ne [0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] do 

pol : =L [1] *z~2+L [2] *y*z+L [3] *y"2+L [4] *x*z+L [5] *x*y+L [6] *x~2 

+L [7] *y*z"2+L [8] *y"2*z+L [9] *x*z"2+L [10] *x*y*z+L [11] *x*y"2 

+L [12] *x"2*z+L [13] *x"2*y+L [14] *y~2*z~2+L [15] *x*y*z"2 

+L [16] *x*y"2*z+L [17] *x~2*z~2+L [18] *x~2*y*z 

+L[19]*x"2*y"2+x"2*y"2*z~2; 
k:=l; m:=16; 

while k le #R1 eind m eq 16 do 

if Evaluate(Rl[k] ,<0,0,0>) ne then r:=l; else; r:=0; end if; 
p:=<l,0,0>; 

while r It 16 and p ne <0,0,0> do 

if Evaluate (pol+Rl [k] ,p) ne then r:=r+l; p:=ad(p); 
else p:=ad(p); end if; end while; 
if r It m then in:=r; end if; 
k:=k+l; end while; 

if m gt 15 then print (pol); L:=ad(L); else L:=ad(L); end if; end while; 
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Algorithm 3 (degre 5) 



K:=GF(3) ; 

P<x,y ,z> : =PolynomialRing(K,3) ; 

Rl : = [a*x+b*y+c*z+d : a in K, b in K, c in K, d in K] ; 

ad: =f unction(L) ; i:=l; r:=true; 
while i le #L and r do 

if L[i]+1 eq 3 then i:=i+l; L[i-1]:=0; 

else r:=false; L [i] : =L [i] +1 ; end if; end while; 

return L; 

end function; 

L:= [1,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,0]; 

while L ne [0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] do 

pol : =L [1] *z~2+L [2] *y*z+L [3] *y"2+L [4] *x*z+L [5] *x*y+L [6] *x~2 

+L [7] *y*z"2+L [8] *y"2*z+L [9] *x*z~2+L [10] *x*y*z+L [11] *x*y~2 

+L [12] *x"2*z+L [13] *x"2*y+L [14] *y~2*z~2+L [15] *x*y*z~2 

+L [16] *x*y"2*z+L [17] *x~2*z~2+L [18] *x~2*y*z+L [19] *x~2*y'2+x'2*y'2*z ; 

k:=l; m:=16; 

while k le #R1 and m eq 16 do 

if Evaluate (Rl [k] ,<0,0,0>) ne then r:=l; else; r:=0; end if; 
p:=<l,0,0>; 

while r It 16 and p ne <0,0,0> do 
if Evaluate (pol+Rl [k] ,p) ne then r:=r+l; p:=ad(p); 
else p:=ad(p); end if; end while; 
if r It m then m:=r; end if; 
k:=k+l; end while; 

if m gt 15 then print (pol); L:=ad(L); else L:=ad(L); end if; end while; 



Both algorithms do not give any / such that d{f, i?3(l, 3)) = 16. 

□ 



Using a similar algorithm, we can verify the following proposition : 

Proposition 19 All f in _R3(4, 3) such that i?3(l, 3)) = 16 are equivalent under the action of 
GA3(F3) andi?3(l,3) to 

2x^2^ + 2yz + x^z^ + xyz + 2x'^yz. 

7 Improvement of the lower bound of p{l,m) for g = 3 

We use theorem 1151 to improve, for q = 3, the lower bound of p{l,m) given by theorem[21 
Lemma 20 For all q, for all m, 

p(l,m + 2) > (q-l)2g™+qp(l,m) 

Proof : Let / G Rq{l,m + 2). We can write f{xi, . . . , Xm+2) = gi^i,- . ■ , Xm) + aXm+i + Pxm+2, where 
g £ Rq{^, m) and a, /3 G F^. 

We denote the elements of by wq, uji, . . . , tOq^i. We can assume that ljq = 0. Then 
Rqil, m + 2) = {M(c, a, /3), c e i?q(l, m), a e F,, l3 e F J 
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where M{c,a,(3) = {c,c"'^\. . . ,c°"^-'-\c^'^\c°"^^+f^'^\ . . . , c'5'^i+"'^<,-i , . . . ^c"'^,-i+/3<^,-i^ 



If uq is such that d(fo, Rq{^, ti)) = p(l, m), then for aU c e Rq{i, m), \vq + c| > p(l, m). 

■'m+2- 



If a, /3 e Fg and c € Rq{l, m), then 



g-l q-l 

i=0 j=0 

q-l q-l 

i=0 j=0 

> gp(l,™) + (9-1)29" 



which gives the result. 



□ 



Theorem 21 For q ^ 3 and m an odd integer, 

p(l,m) >(g-l)9"-i-^grfl-i 

Proof : We write m — 2fc + 1. We prove by induction on u that for u < k, 

p{l,m) > (q-l)(q'"-l-g'"-l-")+qXl,m-2w). 
This is true for u ~ and u = 1 flemma BH)) . Assume that it is true for some u < k. Then 

p(l, m) > - l)(9™-i - + g>(l, m - 2u) 

> - l)(g"-i - + ((g - l)2g™-2"-2 + ^^(1^ ^ _ 2u - 2)) 

(by lemma BU]) 

> (g - l)g"-i - (g - l)(g - (g - l))?™-"-^ + g"+V(l, m - 2(m + 1)) 

> (q- l)(g"-i - + q^+^p{l,m - 2{u + 1)) 

Hence, for q = 3 and tt = — 1, we get : 

p(l,m) > (g-l)(g"-i-g^-+i) + g'=-V(l,3) 

> (g - l)g"-i - 2g'=-i = (9 - l)g'""^ - -^r^l-i 



□ 



Corollary 22 i^or (7 = 3, p(l, 5) = 156 

Proof : By theoremHH p{l, 5) > 2.3^^ - §.9 = 156. and by proposition [H /o(l, 5) < [2.3'' - 3\/3] = 156. 

□ 
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